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STUDIES 

I 

SUPERSONIC  MOVEMENT  AROUND  A CROSS-SHAPED  TAIL  HAVING 
THE  HORIZONTAL  PLANE  WITH  SUFERSONIC  LEADING  EDGES, 

CONSIDERING  THE  PALLING  OFF  OF  FLOW  AT  THE  SUBSONIC 
LEADING  EDGES  OF  THE  PLATES 

by  STEFAN  STAICU 

Bucharest  Polytechnic  Institute 

In  this  work  the  supersonic  flow  around  a thin  cross-  * 

shared  tall  Is  studied,  with  the  incident®  of  the  vertical 
olane  antisimetrlcal , the  horizontal  plane  having  super- 
sonic leading  edges,  taking  into  conslderat Ion  the 
separation  of  the  flow  at  the  leading  edges  of  the  plates. 

As  with  the  thin  delta  wing,  with  equal  and  opposed 
Incident®  on  both  Its  halves,  In  the  case  of  the  cross- 
shaped tall  with  three  arms  the  flow  separates  at  the  edge 

1 ^ 

of  the  plates  In  the  form  of  horn  shaped  cones*  i 

Treating  the  problem  Indirectly,  as  with  the  simple  delta 

wing,  here  too  we  have  succeeded  In  creating  a theoretical 

study  model,  through  which  the  distribution  of  pressure 

and  the  aerodynamic  characteristics  of  the  cross-shaped 

tall  are  arrived  at. 
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1.  INTRODUCTORY  CONSIDERATIONS 

In  the  following  we  will  study  the  flow  in  a supersonic 
system  around  a thin  cross-shaped  tall,  having  the  incident# 
of  the  vertical  plane  antlsymmetric&l ,the  horizontal  plane 
having  supersonic  leading  edges,  taking  into  consideration 
the  separation  of  flow  at  the  leading  edges  of  the  plates.  We 
will  mark  the  incident#  of  the  horizontal  wing  with  a,  the 
lncldenttof  the  higher  part  of  the  plate  with  g,  and  the  incidence 
for  the  lower  with  -3. 

We  will  consider  the  cross-shaped  tail  referred  to  a 
triangular  axis  system  Ox^XgX^  (fig*  1)  with  the  origin  in  its 
Deak,  having  the  axis  Ox-^ , oriented  behind  the  direction  of 
the  undisturbed  flow  . 


iev^rWrff  d 


As  in  the  case  of  the^rh^^r  del  ta  wing  (3  )t  the  flow  is 
separated  at  the  subsonic  leading  edges  of  the  plates,  giving 
birth  to  a system  of  vortexes  which  are  located  on  the  left 
and  right  of  the  plates,  in  the  function  of  the  signs  of 
incident#  a 8nd  6 , producing  an  antlsymmetrlcaljraovement . Thus, 
the  flow  Is  modified  by  the  existence  of  two  horn  shaped 
vortexes  of  the  same  Intensity  and  sign,  situated  antlslmetrlcally 
to  the  face  of  the  axis  of  sfmmetpy.  (fig,  1). 
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We  will  mark  with  (-Tq,  t^),  in  the  physical  plane  yOz 
the  coordinates  of  the  nucleus  of  the  vortex  under  which  the 
horn  is  concentrated  at  the  edge  of  the  plate  and  we  will 
take  the  effect  of  that  vortex  even  on  the  surface  of  the  tail. 


That  will  manifest  itself  through  the  modification  of  the 
field  by  vertical  and  horizontal  speeds  on  the  plate  or  wing 
and  through  the  avoidance  of  infinite  speeds  at  the  edge  of 
the  vertical  plane  predicted  by  classical  liniar  theory. 


Making  these  considerations,  the  flow  remains  conical 
vSjSs-'  away  and  can  be  treated  using  this  method  known  from 
the  theory  of  wings  in  supersonic  system  (2)  in  the  hypothesis 
of  negligent  separation  of  flow  at  the  edge  of  the  plates. 

For  this  we  will  consider  that  the  cross-shaped  tall  is 
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3. 


equivalent,  from  an  aerodynamic  point  of  view,  with  an 
imaginary  thin  one,  with  a suitable  variation  of  incidence. 
To  make  the  task  easier,  split  the  wing  into  three  imaginary 
wing  components: 


a)  the  thin  cross-shaoed  wing,  having  the  incident*  on  the 

plate  antisymmetrical  and  thus  variable,  such  that  it  follows 
....  ...  \P*ewO!Wt*wV/  „ . , , 


somewhat  the 


hanges  of  pressure  and  disturbance 


speeds  on  the  plate  near  the  leading  edge.  A thin  imaginary 
cross-shaped  tall  with  finite  speed  at  the  subsonic  edge  of 
the  elate,  and  equal  and  of  opposed  signs  on  two  sides,  which 
does  not  agree  with  experimental  indications , is  obtained; 


b)  the  "symmetrical  thickness"  of  the  cross-shaped  wing, 
having  the  slopes  of  the  plate  equal  and  of  the  same  sign 
with  the  incident*  of  the  first  wing  components.  This  wing 
combined  with  a)  will  create  another  cross-shaped  wing,  which 
will  have  different  pressures  on  the  two  halves  of  the  plate, 
approachirg  somewhat  the  real  situation; 


c)  the  third  wing  will  have  "symmetrical  thickness"  with 
variable  slope,  however  in  such  a manner  that,  combined  with 
wing  b) , to  obtain  a nought  mean  slope,  corresponds  to  a thin 
tail.  This  wing  will  have  the  role  of  compensating  for  the 
total  aerodynamic  effect  from  b)  regarding  the  field  of  normal 
disturbance  speeds. 
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Through  the  superlwposi tion  of  the  three  wings,  we  succeed 
in  totaling  up  their  aerodynamic  effects,  obtaining  in  that  way 
a cross-shaped  wing  equivalent  with  the  real  one,  in  which  the 
phenomenon  of  the  falling  off  of  the  flow  at  the  edges  is 
considered . 

2.  DETERMINATION  OF  THE  AXIS  OF  DISTURBANCE  VELOCITIES 

In  the  following  we  will  determine  the  axis  of  disturbance 
velocities  for  the  three  imaginary  wing  components.  For  this 
we  will  first  indicate  the  flow  and  plane  variables  used. 

Starting  from  the  physical  plane  yOz  (fig.l)  by  coordinates 
x,  ,r, 

» = V - z = ~ (1) 


and  making  the  transformation 

■»  — r . *yi  - *■<*»  + ««) 

1 1 - Mz*’  * — 

the  auxiliary  plane  is  obtained 

® H + i*. 
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Starting  from  these  relations,  we  can  deduce  the  height 
of  the  rlate  and  ordinate  of  the  position  of  the  nucleus  of 
the  vortex  created  by  the  leadirg  edge  of  the  plate  in  plane  x: 


yd  - iw 


_ to  _ 

fl  - B%* 


d) 


We  will  pass  from  plane  x into  the  complex  plane  X 
(fig.  2)  through  the  intermediate  conforming  transformations 

a :*  = **  + &*,  (ft) 

in  which  we  will  write  the  expressions  of  the  axis  of  disturbance 
velocities . 


2.1.  Antisymmetr ical  thin  cross-shaped  tail  with 
variable  incidence  on  the  surface  of  the  plate.  Vie  will  consider 
that,  due  to  the  existence  of  the  vortexes,  the  vertical  velocity 
on  the  wing  with  the  supersonic  edge  is  not  modified,  and  the 
lateral  one  on  the  plate  v'wlll  have  the  variation 

r„  = -M7«  (y  = °. 

= „-(j)  = _ p'(2)  Um,  [*  = 0,  y e ( -h,  -t.)  V(k,  <*)]»  («') 

In  such  a manner  that  at  the  edge  of  plate  we  obtain  the  velocity 

».  = - [1> 

Due  to  the  variation  of  lateral  velocities  on  the  plate, 
we  will  consider  a distribution  of  elementary  edges  which  will 
Induce  in  the  fixed  point  x from  the  complex  plane  x*  obtained 
through  the  intermediate  conforming  transformations 
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the  following  expression  of  the  axis  of  disturbance  velocity: 


d Ut  = q'A/!)  In 
in  which 

Xi  — u.  1/  ~qii'  > 


X + X. 

<:  - : Jff£  ' T' 


x * <«;  - «,;•(  /J-,  «■' ' • «;■. 

X H Xi 


Xi 


, \fH(b  T) 
I 1 + CB2’  ' 


(»l 


(10, 


in  order  to  obtain  simpler  results  we  will  adopt  a 
simpler  distribution  of  sources  in  the  work  plane  X: 

q'A  T)  = ± 5,  (-2’u<  T < 2’0).  (11, 


Starting  form  this  relation  of  divisions  of  Intensities 
of  sources,  we  will  be  able  to  deduce  the  axis  velocity  of  the 
first  wing  components  if  we  consider  the  contributions  of  the 
subsonic  leading  edges  of  the  plate  and  of  the  supersonic 
horizontal  plane: 


<Ht  - Au 


I(X  f-  /,)<!  - QjX)  ( a 
2 ’irH  * 


Klu  cos 


1/(2,  I bill  -QXJ+ 
i (i-XHi  i r*b) 


h 


2 

71 


( V l /;)(!  -JBT) 
(.V  - 2’)  (1  -i  Oil)) 


— cos  h~ 


m i I) Ml  i 

I (X  + T)  (1  + Otl)))  ’ 


(12, 


which,  in  the  following  calculations,  becomes 
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X\w  K 1 (L  - X)  (1  -I-  C3/>) 


2 o T(  x - r \ c«s  Vd ±1  , 

*H(A  7°),osl1  F rr-r0)(T4^, 4 


+ ,jr  + T‘]  FffT'wrrl;!  - Jffjfe- 


K(jr:^)'(i'-Mj 
i J/I+??. 


/cos-' 


-flr. 


4-  cotT*  |/  ” — con 

4 -HI) 


\W) 
1 4-C5/,/J 


(13) 


2.2.  Cross-shaped  tall  having  the  plate  of  symmetrical 
thickness  with  equal  slopes  with  the  incident*  of  the  first 
wing  components.  We  will  introduce  the  second  cross-shaped 
tail,  having  the  plate  of  symmetrical  thickness  in  order  to 
eliminate  the  accentuated  peaks  of  pressure  on  its  lower  side. 
Proceeding  in  the  same  manner  as  with  the  simple  delta  wing 
(3)*  we  will  obtain  in  plane  X the  following  expression  of 
the  axis  of  disturbance  velocity: 


7/  — ^ Qtnpmh'tV-JC-±^  + 
' it  \ X(\.  + W\)) 


2 ('  ( .-.!/(*  + »)  (1-3* I ■ . ,1  /(A+frUl+gf) 


7')(l+^),J 


)«ir, 
(H) 


which  becomes 


«,=  ;<?10eo xki'W  ' 


■V  4-  b 


l 7,[(-V  - T„)  cor  h 1 


' 1 (A'  7'0)(1-|7»/) 


, Y -4  Hoot*' '|/‘f + 

{.l  4 /„)  «w  |/(  r ( r#)(1  + 


___K(A-  I (,)(i  1 A)  (r 

\rn 


'>  (ros-p 


- 1 r . 

> ^ 'Tty 


' - cos 


■f  ms?)]-  <"i) 
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2-3*  The  ctf*ss-shaped  tail  of  symmetrical  thickness  with 
the  role  of  compensating  the  slope  of  the  plate  from  2.2.  To 
this  goal  we  will  introduce  a new  distribution  of  source  on  the 
surface  of  the  wing,  which  will  reduce  the  wing  at  the  average 
nought  thickness  corresponding  to  a thin  wing. 
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The  function  chosen  as  the  distribution  of  the  intensities 
of  the  sources 

T 


q\'(T)  ~ t. 


b 


(-  >><  T < b) 


(i«) 


and  we  will  obtain,  similar  to  (15)*  the  following  expression 
of  the  axis  of  disturbance  velocity: 


;4 


■j  if  x'+t/ 

- n ‘ os  * ' \ A'(i  |r  <3b)  1 

i*  A,(\r[  , , |/<AM  b)  (J/:Jr) 

*'  71  I)  vr‘  l(X  - T)i L -I  OH;) 

_ _ _ 1 *- 

\ (X-\-T)  (l+Wf)}  * JA(l+7ty) 

b)l'  - 
b)  ( i + ^b) 

1/  * : 4 

If  JT(  I + ‘ 


4 COM 


4 


A.  I.,..  


4 ft‘  ((A4  - b*)  com  /r1  - 

nb 


— 2.V*  «■««**• 


, b) (|  - ^A'>  f (|^i - N 

27)  ^7)  L 


4 <l-<2ty+S 


27<A)(com--  J + ^ J 


(17) 


Through  the  superposition  of  the  three  cross-shaped  tails 
we  realize  a cross-shaped  system  with  three  Brms,  for  which  the 


I 


n 


axis  of  disturbance  velocity  will  have  the  expression 


ril  = fHt  t 7/,  | U,. 


(Wl 


3.  The  Determination  of  the  Constants 


Using  the  conditions  at  the  limit  for  the  disturbance 

velocities  on  the  surface  of  the  cross-shaped  tail,  we  will 

determine  the  constants  k.n  and  K, , which  aonear  in  the 

10  iu 

excression  of  the  axis  of  disturbance  velocity  ( 1 3 ) • Considering 
some  sources  concentrated  in  the  place  of  the  distribution, 
by  intensity  Qt  and  position  Y = Tq  , 


q, 


T 


(I!*) 


we  start  from  the  compatibility  relations  of  the  disturbance 
velocities: 

<17/  = - .r<171  = ~~  ~ r ~ (cu) 

1^1  - 1S2.V2 


and  we  will  write  the  equations  of  the  conditions  at  the  limit 
of  the  normal  disturbance  velocities  in  plane  X: 


• arlpH  f ^ 

trail  Mach  | 


”'L  junr 


(- 1 ) 


(21') 


in  which  U*  is  the  axis  of  disturbance  velocity  of  the  first 
wing  components  in  the  case  of  the  sources  concentrated  in 
Y = Tq: 


10 


m\ _ a„ M 1 + 2 W ' «<!-«■»  i 


-,]/(/-  I ^)li-W 
r(l|  7ty>  ( L — X) 


, 2 ( . Ahx  I »;)(l  -7577,)  , ]/( .V  I »;)(!  I 75  T„)  l 

+ 7(.V  Ti)(i  i 75 (7)  <0^  1 7 (.Vi  r.HI  .w,)l 


From  (21)  and  (21)  we  deduce,  accomolishlng  the  calculations, 


l / /f2/2  - l 


rn  , / I — Ti*!)2  _ ]/(  L — /;)  ( l — 75/;) 

?:  -rsm+aii)  1 J fei 

1 < _ M t \ T'  f t nt' r' 


1/1  +<BTj 

/ j,  - n r b i ?o 


The  condition  of  finite  velocity  at  the  edges  of  the  plate 
(X  = 0)  determine*  the  constant  A^q  : 

Ata  = <»•  (21) 


Furthermore,  for  the  calculation  of  the  constant  qt, 
we  will  start  from  the  relation 

, t do’ 

q,(i)  =-  V.  dt  ’ * 


known  in  the  theory  of  conical  motion,  and  we  will  write  the 


equations 


- rk  dt 

= - tit1  — ii*h  ^ (i  _ bh*)  ys*  - 12* 

/l 

Pol#  + ®'<  — \ (d®'  = vh' 

I. 


from  which  we  deduce  the  following  relations: 


■RES 


■J* 


-I  'o  |/i  r (2J| 

ra  - h = </,<:««  h \ l - Wti 

(27*) 

M(v  — o,)  = (j,  com  |/  i _ B%  ‘ 

From  (19)*  (27)  and  (2 '/)  we  deduce  the  constant  q^: 

v,  _ Im  t W)  Lfl / EW- 

(/„  an  rllf  w-i 

1/  (A-W (1-^)1 , alfl/i+^n_]/i-^n_ 

-|r  Vi+air  J+Piir  »-«*.  r *+« 

|^2/;(1  I Wj)  { , <o  I/* -****_  1 co8-»l/1”^,*-fl * (2»l 

~ -'an  V kfi-B'rw  If  1-iWJ 

We  will  calculate  the  constant  from  the  expression  of 
axis  velocity  (13)  starting  from  a similar  relation  with  (26) 
for  the  lateral  velocity  of  the  plate  of  the  third  wing 
components : 

V"  t \—C  tdv"  = - Pit,  (29) 

\o  Jo 

and  we  will  deduce 

,3#l 

That  relation,  together  with  (27),  determines  the  constant  k^: 


9; — cob  ' 

B*h*[  1 - (1  - 


r i - bhi 


— 

'’.mST'"'" 


4. 


THE  DISTRIBUTION  OF  PRESSURE  AND  AERODYNAMIC 
CHARACTERISTICS 

The  determination  of  the  coefficient  of  pressure  on  the 
wing  and  on  the  plate  is  made  using  the  formulas 


C,.  = - 2 ”*  i C„  — — 2 -*•  , (32) 


in  which  the  expressions  of  the  axis  of  disturbance  velocity 
given  by  (18)  (fig.  3)  Introduced. 
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Coefficients  of  lift  for  the  win?  or  half  of  the  plate 
obtained  from  the  formulas 

i H V.I  V 


i a Yiiv 

an  *• 


for  the  region  (m)  contained  In  the  Interior  of  the  circle 
Mach , 


iKK-JK)'.* 


U4 


for  the  outside, 


l«il 


2(1  -Wpr’cb  (T 

( hUm  ) »/" 

for  the  plate 


111 


(3* 


yw#  for  the  whole  horizontal  wing. 

Coefficients  of  moment  of  roll  will  be  given  by  the 
following  formulas: 


HCm 


i ± — fujDY&Y 

" ZUm\L*-  l/*Jb 


w 


for  the  horizontal  plane 

IIr  ^-rW3X>  « IT)  Vd' 

7/  3*1/.  )-(,  " (i-^vv 


Mi  for  the  vertical  plane,  in  which  ula(Y)  and  ulp(Y)are 
given  by  ( 18) . 
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We  will  use,  through  the  following,  the  formula 

C _____  1 (* 

/,  I | 1,7({1  J.AP)'1 

for  the  definition  of  the  position  of  the  center  of  the  nucleus 

of  the  vortex,  In  which  3 is  the  lncidenteof  the  plate,  and  A8 
tsupplementaryj 

the Vinci aenti  created  by  the  Interference  between  the  wing  and 
plate  and  which  is  proportional  with  o.  Therefore,  If  a-*0, 
then  0 . 


5.  The  case  of  concentrated  sources 


We  will  seek  to  solve  the  problem  In  a simplified  way, 
presupposing  that  the  vertical  velocity  on  the  plate  presents 

15. 


a sudden  drop  In  the  right  of  the  nucleus  of  the  vortex.  This 
work  Is  resolved  from  a hydrodynamic  point  of  view  through  the 
introduction  of  concentrated  sources  in  the  points  correspond ing 
to  the  positions  of  the  centers  of  the  vortexes:  t*Q  and  -tQ, 
of  intensities  and 


The  expressions  of  the  axis  of  disturbance  velocities 
will  be  the  following: 


'//;  - A 


A + 1 Kue 0,-1  U(j+JM1 + 

X\H  it  1 [l  + OUf)(Ft- X) 

2 Q fco«  h ' VlX'W'-W  _ rosA-  ,]/<*+/, )(1  I 7i7V,)l 

* v’  L ! [X-Tw+Wt,)  cos*  r ff+fSMi+lwJ 


for  the  wing  lift  power, 


9 

//’  - 


(hn  <•<>*  h~l 


Ui 


+ w>) 


2 Q Los/*  <1/(A  1 W=^>  ±vo.h  'V{X  ' S? 

* ' l M A'  - 7’i)(  1 +C8h)  + UX+  7’i)( 


1 7’,',) 

)(1+^) 


for  the  wing  of  symmetrical  thickness  from  2.2  and 

tf/.'  ~ ?/,  <«) 

for  the  third  wing  component. 

The  distribution  of  pressure  is  obtained  substituting  in 
(32)  the  expression  of  U given  in  (18). 

The  aerodynamic  coefficients  are  deduced  in  the  same  way  as 


.**«*--  . i 


I 


in  the  case  of  sources  of  distribution,  in  which  appear  the 
constants  A^q,  K10,  Q,t»  kt  deduced  from  the  equations 


•4  10  — ®» 

V*  4 vt{h  - Q =■=  rh, 

0 - »'oK 

' jrr-  ire 


and  from  (23),  (30) 


Pw+m,) + 

+^8WI,*PW, 


k 5fl*k  l/l  ~ %*#, 

- - 1 if  1 “ ***** 


and  the  constant  Ki n is  the  same  as  that  given  by  (23)» 


OBSERVATIONS 


a)  The  existence  and  positions  of  the  vortexes  are  in 
function  f as  well  as  at* 

b)  For  the  case  of  plates  without  Incidence  (&  = 0),  the 
win?  however  having  the  Incidence  a,  likewise  obtains  an 
anti fcymmetr leal  flow  with  vortexes. 

c)  Making  A1Q  * 0,  we  obtain  from  the  expression  of 
constant  Al0,  calculated  from  within  the  framework  of  linlar 
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I 


l 

\ 


theory  (11): 


10 


u„ 


21,(1  + <BL) 


f 


L 

c 8*i*  - i I 


(H* 


with  the  condition  like  the  cross-shaped  tall  with 

anti  symmetrical  plate  to  have  finite  velocities  at  the  edges, 

avoiding  the  appearance  of  vortexes  in  the  form  of  horns: 

p = 1/ 1-  vy  _ yiL-jnr-'Bi,) 

a \WL*-1  \ 21,(1  -J-  dSLj  11 


In  this  relation  we  can  deduce  the  supplementary  incident 
AS.  Induced  by  the  wing  on  the  plate  whatever  would  be  the  real 


Incident  ^ of  the  elate  of  the  tail*. 


Ap  = 


i - gyl/I? 

C3*L*  - 1 r 


(L  - b)  (1  - OH)) 
2^(1  + rSL) 


I 


w 


which  we  will  Introduce  In  ( 40 ) for  the  definition  of  the 
nucleus  of  the  vortex* 
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